In this note we give an elementary proof of Kolmogorov's inequality for positive supermartingales. As an application we obtain a Lundberg type inequality for a class of surplus processes with i.i.d. increments for which an adjustment coefficient need not exist.
1.

Introduction 2 -
All random variables considered in this paper are defined on a fixed probability space (Q,F,p) • For a subset A of Q, let X A denote its indicator function Q : --? {0,1} .
Let G be an integrable random variable. G has an adjustment coefficient if there exists some RE: (0,00) satisfying E[e-RG ] = 1 ; necessary and sufficient conditions for an adjustment coefficient of G to exist have been given by Mammitzsch (1986) .
Consider now u E:(0,00) , a sequence {G n } of i. i.d. random variables having the same distribution as G, and the surplus process {U n } , given by
for all n E:JN. If G has an adjustment coefficient, then the probability of ruin satisfies Lundberg's inequality
Gerber (1973, 1979) has shown that Lundberg's inequality can be obtained from Kolmogorov's inequality for positive supermartingales.
Unfortunately, however, the traditional proofs of Kolmogorov's inequality involve a nontrivial property of supermartingales, and it appears that this fact makes the supermartingale approach appear much less attractive than it iso 3 - In this note we give an entirely elementary proof of Kolmogorov's inequality for positive supermartingales. As an immediate application, we obtain a Lundberg type inequality for a class of surplus processes for which an adjustment coefficient of G need not exist.
2.
-Kolmogorov.s inequality
Let
{X n } be a sequence of integrable random variables. For each n E lN, let Fn denote the a-algebra genera ted by {X 1'... ,X n } .
A mapping -r : g~lN U {co} is a stopping time if {-r=n}E F holds for all nE lN, and it is n bounded if SUPg -r(w) < co Let T denote the collection of all bounded stopping times for {F n } .
For -rE T , define holds for all e: E (0,00) < This follows from Lemmas 2.1 and 2.2.
We remark that Theorem 2.3 is usually deduced from the nontrivial fact that a positive supermartingale {X n } satisfies EX~~EX 1 for arbitrary stopping times~i see e.g. Neveu (1972) .
3.
-7 -Lundberg's inequality
We now return to the surplus process {U n } 3.1. Theorem. The inequality -pu P( infmU n < 0 < e holds for all p E (0,00) satisfying E [e-PG] < 1 .
Proof. For all n E m, define
-pGk e Then we have for all n E m and A E F n Therefore, {X n } is a positive supermartingale, and Theorem 2.3 yields
as was to be shown. Proof. The assumption on G implies the existence of some tE (-co,O) satisfying E[e tG ] < 1 ; see Mammitzsch (1986) . The assertion now follows from Theorem 3.1. If G has an adjustment coefficient R,
This follows from Corollary 3.3.
We remark that the hypothesis of Corollary 3.2 does not imply that G has an adjustment coefficient; see Mammitzsch (1986) .
